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Abstrat
We desribe the omplex of solutions of the algebrai Mellin trans-
form of a D-module M in terms of the solutions of M. In order to
do that, we dene a Mellin funtor on sheaves. We show the Mellin
transform of the omplex of rapid deay solutions of a regular holo-
nomi D-module M is quasi-isomorphi to the omplex of solutions
of the algebrai Mellin transform of M, the assumption of regularity
not being neessary in the one variable ase.
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Introdution
Let us onsider the ane spae Cp (p > 1) with oordinates s1, . . . , sp and translations
τj : sj 7−→ sj + 1 (j from 1 to p). We denote by C[s]〈τ, τ−1〉 the non-ommutative C-
algebra generated by the sj , τj , τ
−1
j and the relations τjsj = (sj + 1)τj (j from 1 to p).
It is the nite dierene operators algebra on Cp, whih is isomorphi to the Weil algebra
D = C[t, t−1]〈t∂t〉 of polynomial dierential operators on (C∗)p through the orrespondene
τj ↔ tj and sj ↔ −tj∂tj .
The Mellin transform M(M) of an algebrai D(C∗)p-module M is its global setions mod-
ule M viewed as a C[s]〈τ, τ−1〉, i.e. equipped with the following ation of C[s]〈τ, τ−1〉: the
ation of sj is the one of tj∂tj and that of τj is the one of the left multipliation by tj
(F. Loeser and C. Sabbah studied this transformation in [7℄). Thus, we have a funtor
M : Mod(D(C∗)p) −→Mod(C[s]〈τ, τ
−1〉).
Let Cp/Zp be the quotient of Cp by the group of the translations τj , the Tj = e
−2ipisj
the
invariant funtions and π : Cp −→ Cp/Zp the anonial morphism. If OCp is the sheaf of
analyti funtions on Cp, we dene the omplex of solutions of a nite dierene module M
by Sol(M) = RHomC[s]〈τ,τ−1〉(M, π∗OCp), where C[s]〈τ, τ
−1〉 and M are viewed as onstant
sheaves. It is a omplex of modules over the sheaf of analyti funtions OCp/Zp on C
p/Zp.
This is a denition similar to that of the omplex of analyti solutions of a D-module M, i.e.
the omplex Sol(M) = RHomD(M,O(C∗)p), where D and M are viewed as onstant sheaves.
In 1992, C. Sabbah raised the following question:
Question ([15℄, Q2 p.374)  Can we dene a Mellin transform funtor on sheaves M suh
that the following diagram is ommutative?
Mod(D(C∗)p)
Sol //
M

Db((C∗)p,C)
M





Mod(C[s]〈τ, τ−1〉)
Sol // Db(Mod(OCp/Zp))
Our way to deal with this problem is inspired by the work of B. Malgrange who solved a
similar problem in the ase of the Fourier transform ([12℄,[11℄).
The lassial Mellin transform being an integral transformation, it is natural to impose rapid
deay onditions on the funtions. The rst step is to ompatify the torus (C∗)p into the
annulus (C∗)p whih is identied with the real blowing-up of the divisor (P1)p \ (C∗)p in
(P1)p, and to use the sheaf A<0
(C∗)p
on (C∗)p whose loal setions are holomorphi on (C∗)p
and C∞-at on the boundary (C∗)p \ (C∗)p. Then, we dene a rapid deay solutions funtor
by
Sol<0 : M 7−→ RHomp¯i−1Dan
(P1)p
(
π¯−1(j+M)
an,A<0
(C∗)p
)
where j : (C∗)p →֒ (P1)p is the inlusion and π¯ : (C∗)p −→ (P1)p is the real blow-up desribed
above.
This funtor is more seletive than the lassial one. For example, the omplexes of solutions
of t
∂
∂t
and t
∂
∂t
+ t are dierent for the funtor Sol<0 but equal for the funtor Sol. This
fat is very interesting beause the onstant funtion equal to 1 and the exponential funtion
obviously do not play the same role in this setup.
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The seond step is the denition of the Mellin funtor on sheaves. Following an idea of
C. Sabbah ([15℄) dealing with Alexander modules of a omplex of sheaves F , we dene the
Mellin funtor on sheaves M by
M : F 7−→ RΓ
(
(C∗)p,F
L
⊗C L¯
)
[p]
L
⊗C[T,T−1] OCp/Zp
where L¯ is the loal system of rank 1 free C[M1,M
−1
1 , . . . ,Mp,M
−1
p ]-modules on (C
∗)p and
the oordinates T1, . . . , Tp of C
p/Zp at on RΓ
(
(C∗)p,F
L
⊗C L¯
)
by M−11 , . . . ,M
−1
p .
Then, our main theorem 1.4 states that there exists a quasi-isomorphism
M
(
Sol<0(M)
)
∼= Sol
(
M(M)
)
under suitable onditions for M.
1 The main theorem
1.1 Rapid deay onditions on funtions
Let us onsider the ompat annulus C∗ whih is the real blow-up of P1 at 0 and innity. We
denote by S0 and S∞ the irles S
1
over 0 and innity of C∗.
Then, we onsider the following diagram in the ategory of real analyti manifolds with
boundary (see a similar diagram in [2℄):
(C∗)p Cp/Zp
(C∗)p × Cp/Zp
r1
ffMMMMMMMMMMM
r2
88ppppppppppp
(C∗)p × Cp
pi
OO
p¯i

(C∗)p × Cp
&

k
44hhhhhhhhhhhhhhhhhh
 x
j
**VVV
VVVV
VVV
VVVV
VVV
VV
(P1)p × Cp
pi

(P1)p × Cp/Zp
q1
xxppp
pp
pp
pp
pp
q2 &&NN
NN
NN
NN
NN
N
(P1)p Cp/Zp
Let us reall that π : Cp −→ Cp/Zp is the quotient by ations of τ1, . . . , τp. We write π, π¯, k
and j instead of id× π, π¯ × idCp , k × idCp and j × idCp .
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Let us reall some notations (for example, see [16℄ hapter II.1). We denote by Y any analyti
variety.
Let C∞(P1)p×Y be the sheaf of funtions innitly dierentiable with respet to (P
1)p and holo-
morphi with respet to Y , and C<0(P1)p×Y be the subsheaf of C
∞
(P1)p×Y of at funtions on
((P1)p \ (C∗)p) × Y . Likewise, let C∞
(C∗)p×Y
be the sheaf of funtions innitly dierentiable
with respet to (C∗)p and holomorphi with respet to Y , and C<0
(C∗)p×Y
be the subsheaf of
C∞
(C∗)p×Y
of at funtions on ((C∗)p \ (C∗)p)× Y .
We denote by
P0,•(P1)p×Y =
(
C<0(P1)p×Y ⊗C∞(P1)p×Y
C0,•(P1)p×Y , ∂¯
)
and
P0,•
(C∗)p×Y
=
(
C<0
(C∗)p×Y
⊗C∞
(C∗)p×Y
C0,•
(C∗)p×Y
, ∂¯
)
the at Dolbeault omplexes, where Ck,l(P1)p×Y and C
k,l
(C∗)p×Y
are the sheaves of innitly dier-
entiable (k, l)-forms whih are holomorphi with respet to Y .
We have Rπ¯∗C
<0
(C∗)p×Y
= π¯∗C
<0
(C∗)p×Y
= C<0(P1)p×Y (see [9℄).
Thus, for all (k, l), we have Rπ¯∗P
k,l
(C∗)p×Y
= π¯∗P
k,l
(C∗)p×Y
= Pk,l(P1)p×Y .
Then, we dene
A<0
(C∗)p×Y
= Ker
(
P0,0
(C∗)p×Y
∂¯ // P0,1
(C∗)p×Y
)
It is the subsheaf of C<0
(C∗)p×Y
whose loal setions are holomorphi on (C∗)p×Y , namely the
sheaf on (C∗)p × Y made up of holomorphi funtions with rapid deay ondition regarding
eah tj in angular setors along the irles S
1
at 0 and at innity, uniformly relative to the
sj on any ompat.
Thus, we get the resolution
(
P0,•
(C∗)p×Y
, ∂¯
)
of A<0
(C∗)p×Y
in the ategory of D-modules ([8℄).
The morphism π being a overing, we also have a quasi-isomorphim of omplexes of D-
modules
π∗A
<0
(C∗)p×Cp
∼=
(
π∗P
0,•
(C∗)p×Cp
, ∂¯
)
In the ontinuation, the spae Y will be Cp, Cp/Zp or a point, and in this ase, we will
identify (C∗)p × {∗} with (C∗)p.
1.2 The funtor of rapid deay solutions
Denition 1.1 The funtor of rapid deay holomorphi solutions of an algebrai D(C∗)p-
module is
Sol<0 : Mod(D(C∗)p) −→ D
b((C∗)p,C)
M 7−→ RHomp¯i−1Dan
(P1)p
(
π¯−1(j+M)an,A
<0
(C∗)p
)
where (j+M)an is the analytised of j+M.
The morphism j being the inlusion of an open ane spae, we get j+M = Rj∗M = j∗M
(for example, see [1℄). Thus, we get
Sol<0(M) = RHomp¯i−1Dan
(P1)p
(
π¯−1(j∗M)
an,A<0
(C∗)p
)
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Lemma 1.2 For any algebrai D(C∗)p-module M, whose module of global setions is denoted
by M, we have
Sol<0(M) = RHomD(M,A
<0
(C∗)p
)
where D and M are viewed as onstant sheaves.
Proof : The module M being oherent on the ane spae (C∗)p, we have easily that
π¯−1(j∗M)
an = π¯−1(j∗D(C∗)p)
an ⊗D
(C∗)p
M(C∗)p
Thanks to the adjontion of the tensor produt and the funtor RHom, we have
Sol<0(M) = RHomD
(
M,RHomp¯i−1Dan
(P1)p
(π¯−1(j∗D(C∗)p)
an,A<0
(C∗)p
)
)
The sheaf (j∗D(C∗)p)
an
is a loally free Dan(P1)p-module of rank 1: in a neighbourhood of a
point t0 = (0, . . . , 0,∞, . . . ,∞, tr+1, . . . , tp) ∈ {0}l × {∞}r−l × (C∗)p−r ⊂ (P1)p, we have
(j∗D(C∗)p)
an
t0 = D
an
(P1)p,t0
[ 1
t1
, . . . ,
1
tl
, tl+1, . . . , tr
]
= Dan(P1)p,t0
tl+1 · · · tr
t1 · · · tl
and there exists a morphism
Dan(P1)p,t0
u
−→ Dan(P1)p,t0
tl+1 · · · tr
t1 · · · tl
dened by u(1) = 1 =
t1 · · · tl
tl+1 · · · tr
.
tl+1 · · · tr
t1 · · · tl
.
In a neighbourhood of θ0 = (θ1, . . . , θl, θl+1, . . . , θr, tr+1, . . . , tp) ∈ π¯−1(t0), proving that
RHomp¯i−1Dan
(P1)p
(π¯−1(j∗D(C∗)p)
an,A<0
(C∗)p
)
u∗
−→ A<0
(C∗)p
is an isomorphism amounts to showing that
Homp¯i−1Dan
(P1)p
(π¯−1(j∗D(C∗)p)
an,A<0
(C∗)p
)
u∗
−→ A<0
(C∗)p
is an isomorphism.
Now, u∗ being dened by u∗ : ϕ 7−→ ϕ◦u(1) = ϕ(1) and the morphism ϕ being dened by
ϕ(1), u∗ is an isomorphism.
Finally, let us state preisely the struture of D-module :
u∗(tj∂tj .ϕ) = (tj∂tj .ϕ)(1) = ϕ(1.tj∂tj ) = ϕ(tj∂tj ) = tj∂tjϕ(1) = tj∂tju
∗(ϕ)
u∗(tj .ϕ) = (tj .ϕ)(1) = ϕ(1.tj) = ϕ(tj) = tjϕ(1) = tju
∗(ϕ)

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1.3 Denition of the Mellin transform on sheaves
Suh a transformation was already studied by O. Gabber and F. Loeser in the ℓ-adi ase
([4℄,[6℄). C. Sabbah also announes a denition in the omplex ase ([15℄). In denition 1.3,
we give an adaptation to our ase.
Let us denote by q¯ : (˜C∗)p −→ (C∗)p the universal overing of (C∗)p, and
C[M,M−1] = C[M1,M
−1
1 , . . . ,Mp,M
−1
p ]
C[T, T−1] = C[T1, T
−1
1 , . . . , Tp, T
−1
p ]
Let L¯ = q¯!q¯−1C(C∗)p be the natural loal system of rank 1 free C[M,M
−1]-modules on (C∗)p,
where multipliations by the Mj are monodromies around the oordinates hyperplans.
Denition 1.3 The Mellin transform funtor on sheaves is
M : Db((C∗)p,C) −→ Db(Mod(OCp/Zp))
F 7−→ RΓ
(
(C∗)p,F
L
⊗C L¯
)
[p]
L
⊗C[T,T−1] OCp/Zp
where Tj ats on RΓ
(
(C∗)p,F
L
⊗C L¯
)
by M−1j .
If F is an objet of Db((C∗)p,C) with R-onstrutible ohomology sheaves, then M(F) is a
omplex of OCp/Zp-modules with oherent ohomology.
1.4 Statement of the main theorem
The ommutation theorem we want to prove is the following:
Theorem 1.4 For any oherent algebrai D(C∗)p-module M, suh that Sol
<0(M)
∣∣
(C∗)p
has
C-onstrutible ohomology and Sol<0(M)
∣∣
(C∗)p\(C∗)p
has R-onstrutible ohomology, there
exists a anonial isomorphism in Db(Mod(OCp/Zp))
M
(
Sol<0(M)
)
∼= Sol
(
M(M)
)
A lassial result in the theory of D-modules sets that, if M is an holonomi D(C∗)p-module
whih is regular at (P1)p\(C∗)p, then the omplex Sol<0(M) has C-onstrutible ohomology
sheaves.
In the one variable ase, if we abstain from the regularity, we know the following result
([12℄,[17℄): for any holonomi DC∗ -module, the restrition of the omplex Sol<0(M) to C∗
has C-onstrutible ohomology, and its restrition to C∗\C∗ has R-onstrutible ohomology.
Thanks to these results, we get the following orollary:
Corollary 1.5 If one of the two following assumptions holds
• M is an holonomi D(C∗)p-module whih is regular at (P
1)p \ (C∗)p
• for p = 1, M is an holonomi DC∗-module
then there exists a anonial isomorphism in Db(Mod(OCp/Zp))
M
(
Sol<0(M)
)
∼= Sol
(
M(M)
)
6
There also exists a onjeture stating that, if M is an holonomi D(C∗)p-module, then the
omplex Sol<0(M) has C-onstrutible ohomology sheaves for any integer p > 1. It is well
known on (C∗)p ([5℄,[13℄) but not on the divisor at innity. So, we an formulate the onje-
ture:
Conjeture  For any holonomi oherent algebrai D(C∗)p-module M, there exists a anon-
ial isomorphism in Db(Mod(OCp/Zp))
M
(
Sol<0(M)
)
∼= Sol
(
M(M)
)
2 A niteness theorem on solutions
The aim of this setion is to prove our seond theorem whih is useful in the proof of theorem
1.4 but also interesting by itself .
Theorem 2.1 Consider a oherent algebrai D(C∗)p-module M. We denote its module of
global setions by M. Then, if RHomD(M,A
<0
(C∗)p
) has C-onstrutible ohomology on (C∗)p
and R-onstrutible ohomology on (C∗)p, we have a anonial isomorphism in Db(Mod(OCp/Zp))
RHomD(M, r1
−1A<0
(C∗)p
)
L
⊗C r
−1
2 OCp/Zp
∼= RHomD(M,A
<0
(C∗)p×Cp/Zp
)
where D and M are viewed as onstant sheaves.
Let us prove this result. There exists a anonial morphism
RHomD(M, r1−1A
<0
(C∗)p
)
L
⊗C r
−1
2 OCp/Zp
−→ RHomD(M, r1−1A
<0
(C∗)p
⊗C r
−1
2 OCp/Zp)
whih is an isomorphism beause M is a nitely presented D-module.
It is now suient to prove that the anonial morphism
RHomD(M, r1
−1A<0
(C∗)p
⊗C r
−1
2 OCp/Zp)
Φ
−→ RHomD(M,A
<0
(C∗)p×Cp/Zp
)
is a quasi-isomorphism when the hypothesis of the theorem 2.1 is satised.
On a free resolution of the D-module M, the stalk at a point x0 = (θ0I , θ
0
J , t
0, T 0) ∈ (S0)I ×
(S∞)
J × (C∗){1,...,p}\I∪J × Cp/Zp of the previous morphism is written
0 // (A
<0
(C∗)p
⊠C OCp/Zp)
m0
x0
Φ0

Ψ0 // . . .
Ψl−1 // (A<0
(C∗)p
⊠C OCp/Zp)
ml
x0
Ψl //
Φl

. . .
0 // (A
<0
(C∗)p×Cp/Zp,x0
)m0
Ψ0 // . . .
Ψl−1 // (A<0
(C∗)p×Cp/Zp,x0
)ml
Ψl // . . .
where the Ψj are matries with entries in D.
The omplex RHomD(M,A
<0
(C∗)p
) has onstrutible ohomology sheaves. Then, the stalks of
the latter are nite dimensional omplex vetor spaes.
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Let us prove that Φ0 indues an isomorphism on ohomology
Let us reall the following notations:
Tα = Tα11 · · ·T
αp
p and (T − T
0)α = (T1 − T
0
1 )
α1 · · · (Tp − T
0
p )
αp
tN = tN11 · · · t
Np
p
for all α = (α1, . . . , αp) ∈ Np and for all N = (N1, . . . , Np) ∈ Np.
For all (θ, ε) = (θ1, . . . , θq, ε1, . . . , εq) ∈ (Rq)2, let us denote by D0(θ, ε) the polysetor
q∏
i=1
{|ti| < εi , |Arg(ti)− θi| < εi} and D∞(θ, ε) the polysetor
q∏
i=1
{|ti| >
1
εi
, |Arg(ti)− θi| <
εi}.
The morphism Φ0 is the inlusion. Let us show that g = (g1, . . . , gm0) ∈ (A
<0
(C∗)p×Cp/Zp,x0
)m0
suh that Ψ0(g) = 0 is an element of (A
<0
(C∗)p
⊠C OCp/Zp)
m0
x0 .
All setions f ∈ A<0
(C∗)p×Cp/Zp,x0
, where x0 = (θ0I , θ
0
J , t
0, T 0) ∈ (S0)I×(S∞)J×(C∗){1,...,p}\I∪J×
Cp/Zp, are holomorphi in an open set D0(θ
0
I , εi) × D∞(θ
0
J , εj) ×W
0 × V 0, W 0 being an
open neighbourhood of t0 and V 0 an open neighbourhood of a ompat polydis D(T 0, R) =
D(T 01 , R1)× · · · ×D(T
0
p , Rp) with enter T
0
and polyradius R ∈ (R∗+)
p
.
Lemma 2.2 All funtion f ∈ A<0
(C∗)p×Cp/Zp,x0
dened in an open set desribed above expands
into
f =
∑
α∈Np
uα.(T − T
0)α where uα ∈ A
<0
(C∗)p,(θ0I ,θ
0
J ,t
0)
and |Tj − T 0j | < Rj .
This series onverge normally, namely
∀K ⊂W 0 ompat,
∑
α∈Np
‖uα‖
K,ε
∞ ρ
α < +∞
for ρ = (ρ1, . . . , ρp) ∈ (R∗+)
p
suh that ρj < Rj for all j = 1, . . . , p, and where ‖− ‖K,ε∞ is the
norm of the uniform onvergene in D0(θ
0
I , εi)×D∞(θ
0
J , εj)×K.
Proof : thanks to Cauhy formula, we have for all (t, T ) ∈ D0(θ0I , εi)×D∞(θ
0
J , εj)×W
0 ×
D(T 0, R):
f(t, T ) =
( 1
2iπ
)p ∫
· · ·
∫
{|ξj−T 0j |=Rj}
f(t, ξ)
(ξ1 − T1) · · · (ξp − Tp)
dξ1 · · · dξp
In writing
1
(ξ1 − T1) · · · (ξp − Tp)
=
∑
k1,...,kp>0
(T1 − T 01 )
k1 · · · (Tp − T 0p )
kp
(ξ1 − T 01 )
k1+1 · · · (ξp − T 0p )
kp+1
and noting
uk1,...,kp(t) =
( 1
2iπ
)p ∫
· · ·
∫
{|ξj−T 0j |=Rj}
f(t, ξ)
(ξ1 − T 01 )
k1+1 · · · (ξp − T 0p )
kp+1
dξ1 · · · dξp
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we get
f(t, T ) =
∑
k1,...,kp>0
uk1,...,kp(t)(T1 − T
0
1 )
k1 · · · (Tp − T
0
p )
kp
By domination, the uk1,...,kp are holomorphi.
To get the rapid deay ondition of the uk1,...,kp , we use that of f . Let K be a ompat
ontained in W 0. For all t ∈ D0(θ0I , εi)×D∞(θ
0
J , εj)×K:
|uk1,...,kp(t)| 6
1
(2π)p
∣∣∣∣∣
∫
· · ·
∫
{|ξj−T 0j |=Rj}
|f(t, ξ)|
|ξ1 − T 01 |
k1+1 · · · |ξp − T 0p |
kp+1
dξ1 · · · dξp
∣∣∣∣∣
6
1
(2π)p
∣∣∣∣∣
∫
· · ·
∫
{|ξj−T 0j |=Rj}
|f(t, ξ)|
Rk1+11 · · ·R
kp+1
p
dξ1 · · · dξp
∣∣∣∣∣
6
1
(2π)p
∣∣∣∣∣
∫
· · ·
∫
{|ξj−T 0j |=Rj}
CN
Q
i∈I |ti|
Ni
Q
j∈J |tj |
Nj
Rk1+11 · · ·R
kp+1
p
dξ1 · · · dξp
∣∣∣∣∣
6
CN
Rk11 · · ·R
kp
p
∏
i∈I |ti|
Ni∏
j∈J |tj |
Nj
for all N = (Nk)k∈I∪J ∈ NI∪J , the onstant CN > 0 depending on N .
The onvergene of the series results from this. For all ρ ∈ (R∗+)
p
suh that ρj < Rj for all
j = 1, . . . , p, we get:
∀K ⊂W 0 ompat,
∑
α∈Np
‖uα‖
K,ε
∞ ρ
α 6
∑
α∈Np
CN
Rα
∏
i∈I ε
Ni
i∏
j∈J
1
ε
Nj
j
ρα
6
∑
α∈Np
C˜N
ρα
Rα
< +∞

Thanks to this lemma, we an expand g:
g =
∑
α∈Np
uα.(T − T
0)α
where uα = (u
1
α, . . . , u
m0
α ) ∈ (A
<0
(C∗)p,(θ0I ,θ
0
J ,t
0)
)m0 . However, the morphism Ψ0 utilizing
only dierential operators independent of the variable T , we know that Ψ0(g) = 0 implies
Ψ0(uα) = 0 for all α ∈ Np. But, by assumption, the vetor spae (kerΨ0)(θ0I ,θ0J ,t0) is nite
dimensional. In writing f1, . . . , fd a basis of the latter, there exists λ
α
1 , . . . , λ
α
d ∈ C suh that
uα = λ
α
1 f1 + · · ·+ λ
α
d fd
Then, we get g =
∑
α∈Np uα.(T−T
0)α =
∑
α∈Np
∑d
k=1 λ
α
k fk(T−T
0)α =
∑d
k=1
(
fk
∑
α∈Np λ
α
k (T−
T 0)α
)
.
It remains to be shown that the series
∑
α∈Np λ
α
k (T − T
0)α onverge. For that, let us show
thanks to the following lemma we know to ontrol the |λαk | using ‖uα‖
K,ε
∞ :
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Lemma 2.3 There exists C > 0 suh that for all k = 1, . . . , d and all α ∈ Np, we have
|λαk | 6 C‖uα‖
K,ε
∞ .
Proof : Let ‖ − ‖∞,f be the norm on E = Vect(f1, . . . , fd) dened as follows: if g =
a1f1 + · · ·+ adfd ∈ E where a1, . . . , ad ∈ C, we note
‖g‖∞,f := sup
k=1,...,d
|ak|
Then |λαk | 6 ‖uα‖∞,f 6 C‖uα‖
K,ε
∞ for all k = 1, . . . , d, beause of the nite dimension of E.

Thanks to this lemma, for |Tj − T 0j | = ρj < Rj , we get∣∣∣ ∑
α∈Np
λαk (T − T
0)α
∣∣∣ 6 ∑
α∈Np
|λαk |ρ
α 6 C
∑
α∈Np
‖uα‖
K,ε
∞ ρ
α
The onvergene of this last term is guaranteed by lemma 2.2.
Let us prove that Φl indues an isomorphism on ohomology
Let us denote by [g] the lass of an element of the target, and [[g]] the lass of an element of
the soure.
Let f1, . . . , fd ∈ (A
<0
(C∗)p,(θ0I ,θ
0
J ,t
0)
)ml suh that [f1], . . . , [fd] is a basis of the vetor spae
R
lHomD(M,A
<0
(C∗)p
)(θ0I ,θ0J ,t0).
Let g = (g1, . . . , gml) ∈ (A
<0
(C∗)p×Cp/Zp,x0
)ml . Thanks to lemma 2.2, let us expand g into
g =
∑
α∈Np
uα.(T − T
0)α
where uα = (u
1
α, . . . , u
ml
α ) ∈ (A
<0
(C∗)p,(θ0I ,θ
0
J ,t
0)
)ml . Then, let us write:
g =
∑
α∈Np
(
Ψl−1(vα) +
d∑
k=1
λαkfk
)
(T − T 0)α
=
∑
α∈Np
Ψl−1(vα)(T − T
0)α +
d∑
k=1
fk
∑
α∈Np
λαk (T − T
0)α
where vα ∈ (A
<0
(C∗)p×Cp/Zp,x0
)ml−1 . Thus, we get
∑
α∈Np Ψl−1(vα)(T − T
0)α ∈ Im(Ψl−1).
Then, the morphism Φl indues a surjetion on the ohomology groups. Indeed, we have
[g] =
[ ∑
α∈Np
Ψl−1(vα)(T − T
0)α
]
+
[ d∑
k=1
fk
∑
α∈Np
λαk (T − T
0)α
]
= [0] +
d∑
k=1
[
fk
∑
α∈Np
λαk (T − T
0)α
]
= Φl
( d∑
k=1
[[fk]]
∑
α∈Np
λαk (T − T
0)α
)
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Now, let us prove that Φl indues an injetion on the ohomology groups. Let us assume that
Φl
(∑d
k=1(
∑
α∈Np λ
α
k (T − T
0)α)[[fk]]
)
= [0], namely
[∑
α∈Np(
∑d
k=1 λ
α
k fk)(T − T
0)α
]
= [0],
namely
∑
α∈Np(
∑d
k=1 λ
α
k fk)(T − T
0)α ∈ ImΨl−1, thus
∑d
k=1 λ
α
k fk ∈ ImΨl−1 for all α ∈ N
p
.
We get [0] =
[∑d
k=1 λ
α
k fk
]
=
∑d
k=1 λ
α
k [fk] then λ
α
k = 0 for all α ∈ N
p
beause the [fk] are
linearly independent on C. Then, we get
∑d
k=1(
∑
α∈Np λ
α
k (T − T
0)α)[[fk]] = [[0]].
3 A result on asymptoti expansions
The aim of this setion is to prove the following two results (propositions 3.1 and 3.2). In
order to ahieve that, we onsider the loally integrable funtion K : t 7−→
−1
2iπ(t− 1)
on C∗
whih we regard as distribution relative to the Haar measure of the multipliative group C∗.
We denote by K ∗ f the partial onvolution produt relative to the variable t, namely
(K ∗ f)(t, s) =
1
2iπ
∫
C∗
f(ξ, s)
1
1− ξt
dξ
ξ
∧
dξ¯
ξ¯
Proposition 3.1 There exists an exat sequene of D-modules
0 // (q2 ◦ π)∗C
<0
P1×C
∂t¯ // (q2 ◦ π)∗C
<0
P1×C
ε // π∗O
an
C
[[t]][ 1t ]
π∗OanC [
1
t ]
⊕
π∗O
an
C
[[ 1t ]][t]
(t)π∗OanC [t]
// 0
where the image of f by ε is the asymptoti expansions of K ∗ f at 0 and innity, and where
t and t∂t at by t and t
∂
∂t − s− 1.
Moreover: ε ◦ (τt−1 − 1) = (τt−1 − 1) ◦ ε.
Let us state an analogue of proposition 3.1 with parameters. This proposition will be useful
in the proof of the main theorem:
Proposition 3.2 For any subset I of {1, . . . , p}, let us denote
C<0I := (q2 ◦ π)∗C
<0
(P1){1,...,p}\I×Cp
For all disjoint subsets I, J ⊂ {1, . . . , p}, the operator ∂t¯j (j /∈ I ∪ J) on
C<0I∪J
[[
tI ,
1
tJ
]][ 1
tI
, tJ
]
(∑
l∈J
(
tl
)
C<0I∪J
[[
tI
]][ 1
tI
, tJ
])
+ C<0I∪J
[[ 1
tJ
]][
tI , tJ
]
is injetive and its okernel is the diret sum of
C<0I∪J∪{j}
[[
tj , tI ,
1
tJ
]][ 1
tj
,
1
tI
, tJ
]
(∑
l∈J
(
tl
)
C<0I∪J∪{j}
[[
tj , tI
]][ 1
tj
,
1
tI
, tJ
])
+ C<0I∪J∪{j}
[[ 1
tJ
]][
tj , tI , tJ
]
and
C<0I∪J∪{j}
[[
tI ,
1
tJ
,
1
tj
]][ 1
tI
, tJ , tj
]
( ∑
l∈J∪{j}
(
tl
)
C<0I∪J∪{j}
[[
tI
]][ 1
tI
, tJ , tj
])
+ C<0I∪J∪{j}
[[ 1
tJ
,
1
tj
]][
tI , tJ , tj
]
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If ε is the morphism into the okernel of this ation, the image of f by ε is the asymptoti
expansions of K ∗ f at 0 and innity relative to the variable tj (j /∈ I ∪ J), and where tk and
tk∂tk at by tk and tk
∂
∂tk
− sk − 1.
Moreover: ε ◦ (τkt
−1
k − 1) = (τkt
−1
k − 1) ◦ ε.
The proof of this proposition is similar to that of 3.1. The only point to be heked is the
rapid deay ondition of the oeients of the asymptoti expansions, whih we expliitly
ompute in the lemma 3.3. Thus, this heking is immediate.
Let us prove the proposition 3.1.
Lemma 3.3 For any setion f of (q2 ◦ π)∗C
<0
P1×C, the onvolution produt K ∗ f exists and
has asymptoti expansions at 0 and at innity whih are respetively
+∞∑
k=1
(
−1
2iπ
∫
C∗
f(ξ, s)
ξk
dξ
ξ
∧
dξ¯
ξ¯
)
tk et
+∞∑
k=0
(
1
2iπ
∫
C∗
ξkf(ξ, s)
dξ
ξ
∧
dξ¯
ξ¯
)
1
tk
Moreover, ε is a morphism of D-modules, i.e. for any setion f of (q2 ◦ π)∗C
<0
P1×C, we have
ε
(
(t
∂
∂t
− s− 1)f
)
= (t
∂
∂t
− s− 1)ε(f).
Proof : For any setion f of (q2 ◦ π)∗C
<0
P1×C, the onvolution produt K ∗ f is well dened
beause of the rapid deay ondition of f .
Let us prove that K ∗f has an asymptoti expansion at innity. In writing
1
1−
ξ
t
=
n∑
k=0
ξk
tk
+
ξn+1
tn+1
1−
ξ
t
, the onvolution produt K ∗ f is
n∑
k=0
( 1
2iπ
∫
C∗
ξkf(ξ, s)
dξ
ξ
∧
dξ¯
ξ¯
) 1
tk
+
( 1
2iπ
∫
C∗
ξn+1f(ξ, s)
1− ξt
dξ
ξ
∧
dξ¯
ξ¯
) 1
tn+1
The integrals
∫
C∗
ξkf(ξ, s)
dξ
ξ
∧
dξ¯
ξ¯
are nite.
It is the same for
∫
C∗
ξn+1f(ξ, s)
1− ξt
dξ
ξ
∧
dξ¯
ξ¯
: in uting out this integral as follows
∫
C∗∩{|ξ−t|6|t|}
ξn+1f(ξ, s)
1− ξt
dξ
ξ
∧
dξ¯
ξ¯
+
∫
C∗∩{|ξ−t|>|t|}
ξn+1f(ξ, s)
1− ξt
dξ
ξ
∧
dξ¯
ξ¯
there exists C independent from t suh that
∣∣∣ ∫
C∗
ξn+1f(ξ, s)
1− ξt
dξ
ξ
∧
dξ¯
ξ¯
∣∣∣ 6 C when |t| is
suiently large and s in a ompat. Thus, the asymptoti expansion of K ∗ f at innity is
+∞∑
k=0
( 1
2iπ
∫
C∗
ξkf(ξ, s)
dξ
ξ
∧
dξ¯
ξ¯
) 1
tk
Likewise, we get the asymptoti expansion of K ∗ f at 0.
Now, let us denote by DA∞(g) and DA0(g) the asymptoti expansions of a setion g at
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innity and at 0, and let us prove that ε
(
(t ∂∂t − s− 1)f
)
= (t ∂∂t − s− 1)ε(f).
We haveDA∞(K∗t
∂f
∂t
) =
+∞∑
k=0
( 1
2iπ
∫
C∗
ξk+1
∂f
∂ξ
(ξ, s)
dξ
ξ
∧
dξ¯
ξ¯
) 1
tk
. In writing
∫
C∗
ξk+1
∂f
∂ξ
(ξ, s)
dξ
ξ
∧
dξ¯
ξ¯
=
∫
C∗
∂
∂ξ
(
ξkf(ξ, s)
ξ¯
)dξ∧dξ¯−
∫
C∗
k
ξk−1f(ξ, s)
ξ¯
dξ∧dξ¯ and using the Stokes theorem to show
that
∫
C∗
∂
∂ξ
(
ξkf(ξ, s)
ξ¯
)dξ∧dξ¯ = 0, we get
∫
C∗
ξk+1
∂f
∂ξ
(ξ, s)
dξ
ξ
∧
dξ¯
ξ¯
= −k
∫
C∗
ξkf(ξ, s)
dξ
ξ
∧
dξ¯
ξ¯
for k > 0, thus
DA∞(K ∗ t
∂f
∂t
) =
+∞∑
k=0
[
− k
( 1
2iπ
∫
C∗
ξkf(ξ, s)
dξ
ξ
∧
dξ¯
ξ¯
)] 1
tk
= t
∂
∂t
DA∞(K ∗ f)
and nally DA∞
(
K ∗ (t
∂
∂t
− s− 1)f
)
= (t
∂
∂t
− s− 1)DA∞(K ∗ f).
Likewise, we get DA0
(
K ∗ (t
∂
∂t
− s− 1)f
)
= (t
∂
∂t
− s− 1)DA0(K ∗ f).
Thus ε
(
(t
∂
∂t
− s− 1)f
)
= (t
∂
∂t
− s− 1)ε(f). 
Now, we an prove the proposition 3.1.
First step: thanks to lemme 3.3, the image of ε in ontained in
π∗OanC [[t]][
1
t ]
π∗OanC [
1
t ]
⊕
π∗OanC [[
1
t ]][t]
(t)π∗OanC [t]
.
Moreover, we get easily ε
(
(τt−1 − 1)f
)
= (τt−1 − 1)ε(f) in the quotients above.
Seond step: If we denote by δ1 the Dira distribution at t = 1, we have
∂K
∂t¯
= δ1. Thus,
for any setion f of (q2 ◦ π)∗C
<0
P1×C, we get f =
∂K
∂t¯
∗ f = K ∗
∂f
∂t¯
, and the morphism
(q2 ◦ π)∗C
<0
P1×C
∂t¯ // (q2 ◦ π)∗C
<0
P1×C is injetive.
Moreover, we have f =
∂
∂t¯
(K ∗ f). Thus, thanks to preeeding injetivity, f is an element of
the image of this morphism if and only if K ∗ f satisfy the rapid deay ondition at 0 and at
innity, i.e. f ∈ Ker(ε).
Third step: It remains to be shown that ε is surjetive. Let γ0 and γ∞ be setions of
π∗OanC [[t]][
1
t ]
π∗OanC [
1
t ]
⊕
π∗OanC [[
1
t ]][t]
(t)π∗OanC [t]
. thanks to Borel theorem (see [12℄ p.62 or [10℄ or [14℄), there
exists two funtions g0 and g∞ whih are C∞ in t on P1 (and holomorphi loally in s)
and whih have respetively γ0 for asymptoti expansion at 0, and gamma∞ for asymptoti
expansion at innity. Then there exists a funtion g whih is C∞ in t on P1 (and holomorphi
loally in s) and suh that γ0 and γ∞ are the asymptoti expansions of g at 0 and innity.
The setion
∂g
∂t¯
is a setion of (q2 ◦ π)∗C
<0
P1×C beause t¯ don't appear in the asymptoti
expansions of g. Moreover, K ∗
∂g
∂t¯
=
∂K
∂t¯
∗ g = g. Thus, the asymptoti expansions of
13
K ∗
∂g
∂t¯
are those of g, i.e. γ0 and γ∞, and
∂g
∂t¯
is an anteedent of (γ0, γ∞) by ε.
4 The proof of the main theorem
In this setion, we prove the theorem 1.4.
4.1 Constrution of the kernel T
We denote by D˜ the non-ommutative C-algebraD[s1, . . . , sp]〈τ1, τ1−1, . . . , τp, τ−1p 〉 generated
by the tj , t
−1
j , tj∂tj , sj, τj , τ
−1
j (j from 1 to p) and the relations
(tj∂tj )tj − tj(tj∂tj ) = tj
τjsj = (sj + 1)τj
sjtj = tjsj
(tj∂tj )sj = sj(tj∂tj )
τjtj = tjτj
(tj∂tj )τj = τj(tj∂tj )
First of all, let us dene a sheaf T whih plays the role of the Mellin transform kernel. In order
to do that, let us onsider the natural D˜-module struture on the sheaf O = k∗π∗Oan(C∗)p×Cp .
Denition 4.1 Let Ts+1 be the D˜-module
D˜
D˜
(
t1
∂
∂t1
− s1 − 1, . . . , tp
∂
∂tp
− sp − 1, τ1t
−1
1 − 1, . . . , τpt
−1
p − 1
)
The sheaf T is dened as
T = HomeD
(
Ts+1,O
)
= HomeD
(
Ts+1, k∗π∗Oan(C∗)p×Cp
)
where D˜ and Ts+1 are onstant sheaves on (C∗)p × Cp/Zp.
Loally on (C∗)p × Cp/Zp, we an hoose a determination of ts+1 = ts1+11 · · · t
sp+1
p . A loal
setion of T onsists of the data of a loal setion ϕ of O whih satises the equations dening
Ts+1. Consequently, T is the r−12 OCp/Zp-module r
−1
2 OCp/Zp .t
s+1 ⊂ O. In partiular, we get:
Property 4.2 Following the terminology of Deligne ([3℄), the sheaf T on (C∗)p × Cp/Zp
is a relative loal system of rank 1 free r−12 OCp/Zp-modules, i.e. on any open set U × V
suiently small, there exists an isomorphism T |U×V ≃ r
−1
2 OV .
Following results of Deligne ([3℄), there is an equivalene between the ategory of relative
loal systems of r−12 OCp/Zp-modules on (C
∗)p × Cp/Zp and that of OCp/Zp
[
π1
(
(C∗)p
)]
-
modules. If we denote C
[
π1
(
(C∗)p
)]
= C[M,M−1] where M = (M1, . . . ,Mp), we get
OCp/Zp
[
π1
(
(C∗)p
)]
= OCp/Zp [M,M
−1].
Sine
Mje
σ1(s1+1) · · · eσp(sp+1) = T−1j e
σ1(s1+1) · · · eσp(sp+1)
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the sheaf T orresponds to the OCp/Zp [M,M
−1]-module OCp/Zp on whih Mj ats by the
multipliation by T−1j , via the equivalene realled above.
We onsider the onstant sheaf of rings C[T, T−1] on Cp/Zp as a subsheaf of OCp/Zp . We still
denote by C[T, T−1] its inverse image by r2 and r2 ◦ q¯.
Let us reall that L¯ is the natural loal system of rank 1 free C[M,M−1]-modules on (C∗)p
dened in setion 1.3, i.e. q¯!q¯
−1C(C∗)p . Via the equivalene realled above, the sheaf r
−1
1 L¯
equipped with the trivial struture of r−12 OCp/Zp-module orresponds to the C[M,M
−1]-
module C[T, T−1] on whih Mj ats by the multipliation by T
−1
j .
Likewise, r−12 OCp/Zp orresponds to the OCp/Zp [M,M
−1]-module OCp/Zp on whih Mj ats
by 1.
We dedue from it that the r−12 OCp/Zp-module r
−1
1 L¯ ⊗C[T,T−1] r
−1
2 OCp/Zp orresponds to
the OCp/Zp [M,M
−1]-module C[T, T−1]⊗C[T,T−1] OCp/Zp on whih Mj ats by Mj.(a⊗ b) =
T−1j a⊗ 1b = T
−1
j a⊗ b = a⊗ T
−1
j b.
Now, let us note this isomorphism in the ategory of OCp/Zp [M,M
−1]-modules:
C[T, T−1]⊗C[T,T−1] OCp/Zp
∼
−→ OCp/Zp (♯)
1⊗ f 7−→ f
where, Mj ats by the multipliation by T
−1
j on OCp/Zp and by the multipliation by T
−1
j
on the fator C[T, T−1] of the term C[T, T−1]⊗C[T,T−1] OCp/Zp .
Via the equivalene realled above, this isomorphism orresponds to an isomorphism in the
ategory of relative loal systems of r−12 OCp/Zp-modules
r−11 L¯ ⊗C[T,T−1] r
−1
2 OCp/Zp
∼
−→ T (♯♯)
or
r−11 L¯ ⊗C r
−1
2 OCp/Zp
(M1T1 − 1, . . . ,MpTp − 1)
∼
−→ T
However, let us note that if we ompose (♯) with the multipliation by a unit Tα (α ∈ Zp) of
C[T, T−1], we get an other isomorphism
C[T, T−1]⊗C[T,T−1] OCp/Zp
∼
−→ OCp/Zp
1⊗ f 7−→ Tαf
Thus, the isomorphism (♯♯) is not unique.
4.2 Another formulation of the Mellin transform on sheaves
The denition of the Mellin transform of a sheaf F in 1.3 is an algebrai denition: it uses
the Alexander modules of F whih are C[T, T−1]-modules. In the proof of theorem 1.4, we
will use a more analyti formulation whih translates better than the former one the lassial
deniton of the integral Mellin transform.
Proposition 4.3 For any objet F in Db((C∗)p,C), we have
M(F) ∼= Rr2∗(r
−1
1 F
L
⊗C T )[p]
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Proof : Let us alulate:
Rr2∗(r
−1
1 F
L
⊗C T )
= Rr2∗
(
r−11 (F
L
⊗C L¯)⊗C[T,T−1] r
−1
2 OCp/Zp
)
= Rr2∗r
−1
1 (F
L
⊗C L¯)⊗C[T,T−1] OCp/Zp beause r2 is proper
= RΓ
(
(C∗)p,F
L
⊗C L¯
)
⊗C[T,T−1] OCp/Zp
= M(F)[−p]

4.3 Computation of the omplex M(Sol<0(M))
Proposition 4.4 For any oherent algebrai D(C∗)p-module M, suh that Sol
<0(M)
∣∣
(C∗)p
has C-onstrutible ohomology and Sol<0(M)
∣∣
(C∗)p\(C∗)p
has R-onstrutible ohomology,
and whose module of global setions is denoted by M, there exists a anonial isomorphism
in Db(Mod(OCp/Zp))
M(Sol<0(M)) ∼= RHomD
(
M,Rr2∗(A
<0
(C∗)p×Cp/Zp
⊗r−12 OCp/Zp
T )
)
[p]
where tj∂tj ats by tj∂tj .g(t, T )⊗ ω = tj
∂g
∂tj
(t, T )⊗ ω on the sheaf
Rr2∗(A
<0
(C∗)p×Cp/Zp
⊗r−12 OCp/Zp
T ).
Proof : thanks to proposition 4.3 and the lemma 1.2, we get
M(Sol<0(M)) ∼= Rr2∗(r
−1
1 RHomD(M,A
<0
(C∗)p
)
L
⊗C T ) [p]
On the one hand, we have a anonial isomorphism
r1
−1
RHomD(M,A
<0
(C∗)p
)
L
⊗C T
∼= RHomD(M, r1−1A
<0
(C∗)p
)
L
⊗C r
−1
2 OCp/Zp
L
⊗r−12 OCp/Zp
T
and, thanks to theorem 2.1, we get a anonial isomorphism
r1
−1
RHomD(M,A
<0
(C∗)p
)
L
⊗C T ∼= RHomD(M,A
<0
(C∗)p×Cp/Zp
)
L
⊗r−12 OCp/Zp
T
On the other hand, we have a anonial isomorphism
RHomD(M,A
<0
(C∗)p×Cp/Zp
)
L
⊗r−12 OCp/Zp
T
∼= RHomD(M,A
<0
(C∗)p×Cp/Zp
⊗r−12 OCp/Zp
T )
where the ation of D on A<0
(C∗)p×Cp/Zp
⊗r−12 OCp/Zp
T is the ation only on A<0
(C∗)p×Cp/Zp
.
Finally, we get the wished isomorphism by applying the funtor Rr2∗(−)[p] and noting that
Rr2∗RHomD
(
M,A<0
(C∗)p×Cp/Zp
⊗r−12 OCp/Zp
T
)
∼= RHomD
(
M,Rr2∗(A
<0
(C∗)p×Cp/Zp
⊗r−12 OCp/Zp
T )
)
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beause D and M are onstant sheaves. 
However, we an express the D-module Rr2∗(A
<0
(C∗)p×Cp/Zp
⊗r−12 OCp/Zp
T ) where tj∂tj ats
by tj∂tj .g(t, T )⊗ ω = tj
∂g
∂tj
(t, T )⊗ ω in another way.
4.3.1 Solving a system of dierene equations
Let us onsider the injetion
A<0
(C∗)p×Cp/Zp
⊗r−12 OCp/Zp
T 
 ι // π∗A
<0
(C∗)p×Cp
g(t1, . . . , tp, T1, . . . , Tp)⊗ ω
 // g
(
t1, . . . , tp, e
−2ipis1 , . . . , e−2ipisp
)
ω
where all setions are viewed as setions of k∗π∗O
an
(C∗)p×Cp .
The injetion ι is a morphism of D-modules where tj∂tj ats on π∗A
<0
(C∗)p×Cp
by the derivation
tj
∂
∂tj
− sj − 1 and the struture of D-module of A
<0
(C∗)p×Cp/Zp
⊗r−12 OCp/Zp
T is that given to
the proposition 4.4. Indeed, by denition of T , we know that tj
∂ω
∂tj
= (sj + 1)ω for any
setion ω of T , and:
(tj
∂
∂tj
− sj − 1)ι
(
g(t, T )⊗ ω
)
= (tj
∂
∂tj
− sj − 1).g(t, T )ω
= tj
∂g
∂tj
(t, T )ω + (sj + 1)g(t, T )ω − (sj + 1)g(t, T )ω
= ι
(
tj
∂g
∂tj
(t, T )⊗ ω)
)
= ι
(
tj∂tj . g(t, T )⊗ ω)
)
Let K•(τ1t
−1
1 − 1, . . . , τpt
−1
p − 1;π∗A
<0
(C∗)p×Cp
) be the Koszul omplex where the degree 0 is
plaed on the left.
Proposition 4.5 There is an isomorphism in the ategory of D-modules:
K•(τ1t
−1
1 − 1, . . . , τpt
−1
p − 1;π∗A
<0
(C∗)p×Cp
) ∼= A<0
(C∗)p×Cp/Zp
⊗r−12 OCp/Zp
T
where tj∂tj ats on the Koszul omplex by the derivation tj
∂
∂tj
− sj − 1 and the struture of
D-module of A<0
(C∗)p×Cp/Zp
⊗r−12 OCp/Zp
T is that given to the proposition 4.4.
Proof : This Koszul omplex is viewed as the total omplex assoiated with the omplex
of order p onstituted of the p omplexes [π∗A
<0
(C∗)
p
×Cp
τjt
−1
j −1// π∗A
<0
(C∗)
p
×Cp
]
•
, and we proeed
by indution.
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For that, let us establish some notations. If I is a subset of {1, . . . , p}, let us denote Ts+1I =
D˜
D˜
(
tI
∂
∂tI
− sI − 1, τIt
−1
I − 1
)
and
TI := HomeD
(
Ts+1I , k∗π∗O
an
(C∗)p×Cp
)
Let us treat the initial ase: the morphism
π∗A
<0
(C∗)p×Cp
(τ1t
−1
1 −1). // π∗A
<0
(C∗)p×Cp
is surjetive and, by denition of T{1}, its kernel is
π∗A
<0
(C∗)p×C/Z×C{2,...,p}
⊗r−12 OCp/Zp
T{1}
To establish the surjetivity, we onsider the stalk at a point (t0, T0) and, if g is a setion
of (π∗A
<0
C∗×C
)(t0,T0), we look for u in (π∗A
<0
C∗×C
)(t0,T0) suh that (τt
−1 − 1)u = g. In writing
v := t−s−1u, we just have to prove the surjetivity of
π∗A
<0
C∗×C
(τ1−1).// π∗A
<0
C∗×C
rapid deay onditions being preserved through ts+1.
We treat this last problem on small open sets.
Let us ontinue the indution.
The sheaf TI is a relative loal system of rank 1 free r
−1
2 OCp/Zp-modules. It is loally
generated by a determination of tsI+1I .
Now, let us denote I = {1, . . . , j − 1} ⊂ {1, . . . , p− 1} and J = {j, . . . , p}.
As above, the image of the injetive natural morphism
π∗A
<0
(C∗)p×(C/Z)I∪{j}×CJ\{j}
⊗r−12 OCp/Zp
T{j}

 // π∗A
<0
(C∗)p×(C/Z)I×CJ
g(t, TI∪{j}, sJ\{j})⊗ ω
 // g(t, TI , e
−2ipisj
j , sJ\{j})ω
is the kernel of the surjetive morphism
π∗A
<0
(C∗)p×(C/Z)I×CJ
(τjt
−1
j −1). // π∗A
<0
(C∗)p×(C/Z)I×CJ
However, TI and T{j} being loally r
−1
2 O(C/Z)p-free, we get
TI ⊗r−12 O(C/Z)p
T{j} = TI∪{j}
and the funtor −⊗r−12 O(C/Z)p
TI is exat. Thus, the image of the injetive natural morphism
π∗A
<0
(C∗)p×(C/Z)I∪{j}×CJ\{j}
⊗r−12 OCp/Zp
TI∪{j}

 // π∗A
<0
(C∗)p×(C/Z)I×CJ
⊗r−12 OCp/Zp
TI
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is the kernel of the surjetive morphism
π∗A
<0
(C∗)p×(C/Z)I×CJ
⊗r−12 OCp/Zp
TI
(τjt
−1
j −1). // π∗A
<0
(C∗)p×(C/Z)I×CJ
⊗r−12 OCp/Zp
TI

4.3.2 Computation of Rr2∗K
•(τ1t
−1
1 − 1, . . . , τpt
−1
p − 1;π∗A
<0
(C∗)p×Cp
)
Let us denote
K = Rr2∗K
•(τ1t
−1
1 − 1, . . . , τpt
−1
p − 1;π∗A
<0
(C∗)p×Cp
)
with the struture of D-module realled above.
By setion 1.1, we onsider the Dolbeault resolution π∗A
<0
(C∗)p×Cp
∼= π∗P
0,•
(C∗)p×Cp
whih is
r2∗-ayli. Thus,
K ∼= T ot•
(
K•(τ1t
−1
1 − 1, . . . , τpt
−1
p − 1; (r2 ◦ π)∗P
0,•
(C∗)p×Cp
)
)
In writing (r2 ◦ π)∗ = (q2 ◦ π)∗π¯∗, we get
K ∼= T ot•
(
K•(τ1t
−1
1 − 1, . . . , τpt
−1
p − 1; (q2 ◦ π)∗P
0,•
(P1)p×Cp)
)
In the ontinuation, if Λ is a set of indies and R a ring, let R[[tΛ]] be the ring of formal
power series with all variables tλ (λ ∈ Λ).
Let us denote
DAI,J =
π∗OCp
[[
tI ,
1
tJ
]][ 1
tI
, tJ
]
(∑
l∈J
(
tl
)
π∗OCp
[[
tI
]][ 1
tI
, tJ
])
+ π∗OCp
[[ 1
tJ
]][
tI , tJ
]
for all partitions (eventually trivial) I
∐
J = {1, . . . , p}, and
DA =
⊕
I,J
DAI,J
where the diret sum is done with all partitions (eventually trivial) I
∐
J = {1, . . . , p}.
We get:
Lemma 4.6 There exists an isomorphism
(q2 ◦ π)∗P
0,•
(P1)p×Cp
∼= DA [−p]
in the ategory of omplexes of D-modules, where tj and tj∂tj at by tj and tj
∂
∂tj
− sj − 1.
Proof : We have (q2 ◦ π)∗P
0,•
(P1)p×Cp
∼= K•(∂t¯1 , . . . , ∂t¯p ; (q2 ◦ π)∗C
<0
(P1)p×Cp). This Koszul
omplex is viewed as the total omplex assoiated with the omplex of order p onstituted
of the p omplexes
[(q2 ◦ π)∗C
<0
(P1)p×Cp
∂t¯j // (q2 ◦ π)∗C
<0
(P1)p×Cp ]
•
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and we proeed by indution thanks to proposition 3.2. 
Hene, we get
K ∼= K•(τ1t
−1
1 − 1, . . . , τpt
−1
p − 1;DA) [−p]
i.e.
K ∼=
⊕
I,J
K•
(
τ1t
−1
1 − 1, . . . , τpt
−1
p − 1;DAI,J
)
[−p]
in the ategory of omplexes of D-modules, where the diret sum is done with all partitions
(eventually trivial) I
∐
J = {1, . . . , p}.
Let us simplify this omplex.
Lemma 4.7 If J 6= ∅ then
K•
(
τ1t
−1
1 − 1, . . . , τpt
−1
p − 1;DAI,J
)
∼= 0
Proof : Let us x a nonempty set J .
This Koszul omplex is viewed as the total omplex assoiated with the omplex of order p
onstituted of the p omplexes [DAI,J
τjt
−1
j −1 // DAI,J ]
•
whih we alulate a variable
after the other.
Let m be max(J).
Case A : m = p
Let us denote by
∞∑
n=0
an
tp
n a setion of DAI,J . In this quotient, we get
(τptp
−1 − 1)
∞∑
n=0
an
tp
n = −a0 +
∞∑
n=1
τpan−1 − an
tp
n
Hene, the ation of τpt
−1
p − 1 on DAI,J is bijetive and we get
K•(τ1t
−1
1 , . . . , τp−1t
−1
p−1 − 1; 0) = 0
Case B : m < p
Let us denote by
∞∑
n=1
bntp
n
a setion of DAI,J . In this quotient, we get
(τptp
−1 − 1)
∞∑
n=1
bntp
n =
∞∑
n=1
(τpbn+1 − bn)tp
n
Hene, the ation of τpt
−1
p − 1 on DAI,J is surjetive and its kernel is DAI−{p},J .
Thus, the searhed omplex is
K•
(
τ1t
−1
1 − 1, . . . , τp−1t
−1
p−1 − 1;DAI−{p},J
)
20
By reiterating the proess, we get
K•
(
τ1t
−1
1 − 1, . . . , τmt
−1
m − 1;DAI−{m+1,...,p},J
)
whih we treat as the ase A beause m = max(J). Hene, the searhed omplex is null. 
However, if J = ∅, we get:
Lemma 4.8 There exists an isomorphism of omplexes of D-modules
K•
(
τ1t
−1
1 − 1, . . . , τpt
−1
p − 1;
π∗OCp
[[
t1, . . . , tp
]][ 1
t1
, . . . ,
1
tp
]
π∗OCp
[
t1, . . . , tp
] ) ∼= π∗OCp
where tj and tj∂tj at on the left-hand side by tj and tj
∂
∂tj
− sj − 1, and on the right-hand
side by τj and −sj.
Proof : It is suient to apply p times the omputation of the ase B of the lemma 4.7.
Hene, the Koszul omplex is isomorphi to its 0th ohomology group, i.e. π∗OanC , via the
appliation
∑
α∈(N\{0})p
bαt
α 7−→ b1,...,1.
Moreover, an easy heking shows that the ations of tj and tj
∂
∂tj
−sj−1 beome respetively
the ations of τj and −sj via this morphism. 
Hene, we get the isomorphism of D-modules
K[p] ∼= π∗OCp
where tj and tj∂tj at on the left-hand side by tj and tj
∂
∂tj
− sj − 1, and on the right-hand
side by τj and −sj.
4.3.3 The end of the proof of theorem 1.4
Thanks to proposition 4.4 and the preeeding paragraphs, we get
M(Sol<0(M)) ∼= RHomD(M,K)[p] ∼= RHomD(M, π∗OCp)
where tj and tj∂tj at on π∗OCp by τj and −sj .
Hene, we get
M(Sol<0(M)) ∼= RHomC[s]〈τ,τ−1〉(M(M), π∗OCp)
dans Db(Mod(OCp/Zp)).
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